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FOURIER COEFFICIENTS OF THE OVERCONVERGENT
GENERALIZED EIGENFORM ASSOCIATED TO A CM FORM
CHI-YUN HSU
Abstract. Let f be a modular form with complex multiplication. If f has
critical slope, then Coleman’s classicality theorem implies that there is a p-
adic overconvergent generalized Hecke eigenform with the same Hecke eigen-
values as f . We give a formula for the Fourier coefficiets of this generalized
Hecke eigenform. We also investigate the dimension of the generalized Hecke
eigenspace of p-adic overconvergent forms containing f .
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1. Introduction
Let f be a modular form of weight k ≥ 2. Assume that f has complex multipli-
cation (CM) and is of critical slope. Then it is known that f is inside the image
of the operator θk−1 on p-adic overconvergent modular forms, where θ = q ddq on
q-expansions ([6, Prop. 7.1]). One can deduce from Coleman’s classicality theorem
([6, Thm. 7.2]) that there exists an overconvergent generalized Hecke eigenform f ′
with the same Hecke eigenvalues as f , but f ′ is not a scalar multiple of f . Since
a CM modular form has very explicit description of its Fourier coefficients, it is
feasible that it is also possible to explicitly describe the Fourier coefficients of f ′.
The main theorem of this paper expresses the Fourier coefficients of f ′ in terms of
the value of certain Galois cohomology classes.
Note that in an analogous situation where f is of weight 1, p-regular, and has
real multiplication (RM), Cho–Vatsal showed that a p-adic overconvergent general-
ized Hecke eigenform f ′ exists ([5]). In this case, Darmon–Lauder–Rotger explicitly
described the Fourier coefficients of f ′ ([7]) by translating the question into Galois
deformation theory, relating the Fourier coefficients to certain Galois cohomology
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classes, and using class field theory to explicitly describe the relevant Galois coho-
mology classes. Our method is the same as [7] in the sense that we also employ
Galois deformation theory. However, unlike the case of weight 1, the Galois repre-
sentation associated to a Hecke eigenform of weight ≥ 2 does not have finite image,
so we cannot use class field theory to get an even more explicit description of the
Galois cohomology classes involved.
In the following we introduce the setup to state our main theorem more precisely.
Let K be an imaginary quadratic field with discriminant DK . Fix a complex
embedding σ : K →֒ C. Let k ≥ 2 be an integer and
ψ : K×\A×K → C×
be a Grossencharacter of K of infinity type σk−1 with conductor M. Let f0 be the
CM modular form associated to ψ. Then f0 is a normalized Hecke eigenform of
weight k, level Γ1(N) with N := |DK |NmK/Q M, and nebentypus
χ : (Z/N)× → Q a→ χK(a)ψ((a)),
where χK : (Z/DK)
× → {±1} ⊂ C× is the (odd) Dirichlet character associated to
K. The q-expansion of f0 at the ∞-cusp is
f0(z) =
∑
a
ψ(a)qNmK/Q a,
where a run over all integral ideals of K relatively prime to M.
Fix a rational prime p which does not divide N and splits in K. Given an iso-
morphism ιp : C
∼−→ Qp, ιp ◦σ : K →֒ Qp determines a prime of K above p, which we
denote by p. Let p′ be another p-adic prime of K. Then {valp(ψ(p)), valp(ψ(p′))} =
{0, k − 1}. We fix some ιp such that valp(ψ(p)) = 0. Let
f(z) = f0(z)− ψ(p)f0(pz).
This is a modular form of weight k and level Γ1(N) ∩ Γ0(p), and its Up-slope is
k − 1, also referred to as the critical slope. One calls f the critical p-stabilization
of f0. We denote its q-expansion by
f(z) =
∑
n≥1
anq
n.
Let HNp be the abstract Hecke algebra generated over Qp by Tℓ with ℓ ∤ Np and
Up. Let If be the ideal of HNp given by the Hecke eigenform f , i.e. if we let
ϕf : HNp → Cp, Tℓ 7→ aℓ, Up 7→ ψ(p′),
then If = kerϕf .
Let M †k(Γ1(N),Cp) (resp. S
†
k(Γ1(N),Cp)) denote the space of (resp. cuspidal)
overconvergent modular forms of weight k and of tame level Γ1(N) with coefficients
in Cp. As mentioned before, S
†
k(Γ1(N),Cp)[I
2] is 2-dimensional by [6, Thm. 7.2].
Let f ′ ∈ S†k(Γ1(N),Cp)[I2] which is not a scalar multiple of f . We write the
q-expansion of f ′ as
f ′(z) =
∑
n≥1
a′nq
n.
We further require that f ′ is normalized, in the sense that a′1 = 0 and a
′
ℓ0
= 1 where
ℓ0 is the smallest rational prime inert in K; then f
′ is unique.
We make the assumption that ψ(p)(ψc)−1(p) 6= p through out the article.
FOURIER COEFFICIENTS OF THE GENERALIZED EIGENFORM FOR A CM FORM 3
Our main theorem is a description of a′ℓ in terms of Galois cohomology classes.
Theorem 1.1 (Proposition 2.4, Corollary 2.6). Let f and f ′ be as above. Then
(1) a′p = 0
(2) a′ℓ =
{
0 if ℓ ∤ Np and ℓ splits in K
ψ(cFrobℓ) · e(Frob2ℓ) if ℓ ∤ Np and ℓ is inert in K.
Here c ∈ GalQ is the complex conjugation, and e ∈ H1p(GalK , ψ(ψc)−1) is
the unique cohomology class unramified outside p mapping Frob2ℓ0 ∈ GalK
to ψ(cFrobℓ0)
−1, where ℓ0 is the smallest rational prime which is inert in
K.
The idea of the proof is as follows. Let ρ : GalQ → GL(V ) ∼= GL2(Cp) be
the p-adic Galois representation associated to f . Hence aℓ = Tr(ρ(Frobℓ)) for
all ℓ ∤ Np. Observe that one may regard f˜ := f + f ′ε as a Hecke eigenform in
S†k(Γ1(N),Cp[ε]/ε
2). Hence we also have a p-adic Galois representation
ρ˜ : GalQ → GL(V˜ ) ∼= GL2(Cp[ε]/ε2)
such that
aℓ + a
′
ℓε = Tr(ρ˜(Frobℓ)), ∀ℓ ∤ Np.
Note that ρ˜ is a first order deformation of ρ with the same Hodge–Tate–Sen weights
as ρ. Moreover, coming from a p-adic overconvergent Hecke eigenform, ρ˜ extends
certain crystalline period of ρ˜. Hence one can use Galois deformation theory and
realize ρ˜ in the Galois cohomology H1(GalQ, V ⊗V ∗) with specific local conditions.
We further use the inflation-restriction sequence to reduce the Galois cohomology
of GalQ to that of GalK . This makes the Galois cohomology calculation easier
because V |GalK splits into two characters.
We have mentioned that Darmon–Lauder–Rotger investigated the Fourier coef-
ficients of the generalized Hecke eigenform in the case of weight 1 p-regular RM
forms ([7]). Betina generalized this to Hilbert modular forms of parallel weight 1
with RM and p-regular ([4]). More generally, when one has an explicit description
of a Hecke eigenform f , and one knows that there is a generalized Hecke eigenform
f ′ associated to it (in other words, the eigenvariety is non-étale at the point corre-
sponding to f), it might be possible to use the same method to obtain an explicit
description of the Fourier coefficients of f ′. For example, one knows that a weight
1 p-irregular CM form gives a non-étale point on the eigencurve ([1]).
Our second result is an investigation of the dimension of the generalized Hecke
eigenspace containing f , namely S†k(Γ1(N),Cp)[I
∞].
Proposition 1.2 (Prop. 4.3). Let ρ¯ be the reduction of ρf modulo p. Assume
that ρ¯ is absolutely irreducible after restricted to GalQ(µp). Then the following are
equivalent.
(1) dimS†k(Γ1(N),Cp)[I
∞] = 2.
(2) The restriction to decomposition group at p′
H1p(K,ψ(ψ
c)−1)→ H1(Kp′ , ψ(ψc)−1)
is an isomorphism (equivalently, non-zero).
The idea of the proof is to first relate the dimension of the generalized Hecke
eigenspace containing f , to the dimension of the generalized Hecke eigenspace con-
taining g, where g ∈M †2−k(Γ1(N),Cp) such that f = θk−1(g). Then one may relate
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the latter to Galois cohomology, by considering ordinary Galois deformations of ρg,
the Galois representation associated to g.
Structure of the paper. In Section 2, we prove Theorem 1.1. Section 3 contains
numerical examples for the Fourier coefficients of the generalized Hecke eigenform.
In Section 4, we prove Proposition 1.2.
2. Fourier coefficients of the generalized Hecke eigenform
Let f =
∑
n≥0 anq
n be as in the introduction, the critical p-stabilization of a
CM modular form associated to a Grossencharacter ψ.
Let ρ : GalQ → GL(V ) be the p-adic Galois representation associated to f .
Here V is a 2-dimensional E-vector space, where E is the finite extension of Qp
generated by the Fourier coefficients an of f . We have ρ ∼= IndGalQGalK ψ, where we
have abused notation to let ψ also denote the p-adic character of GalK associated
to the Grossencharacter ψ. In particular, there exists a basis {v1, v2} of V such
that
ρ|GalK ∼
(
ψ
ψc
)
,
where c ∈ GalQ is the complex conjugation and ψc(g) := ψ(cgc−1). If we choose v2
such that v2 = ρ(c)v1, then we also have
ρ|GalQ \GalK ∼
(
η′
η
)
,
where η and η′ are functions on GalQ \GalK given by η(·) = ψ(c·) and η′(·) =
ψ(·c−1).
We have D+cris(V |GalQp )
ϕ=ap 6= 0, where D+cris(·) := (· ⊗Qp B+cris)GalQp . Moreover,
we have D+cris(V |GalQp )
ϕ=ap = D+cris(ψ
c|GalKp )
ϕ=ap . This is because V |GalQp =
V |GalKp = ψ ⊕ ψ
c, ap = ψ(p
′) = ψc(p) has p-adic valuation k − 1, and ψc|GalKp
has Hodge–Tate weight k − 1,
2.1. Galois cohomology calculation. Let D be the deformation functor on the
category of Artinian local E-algebras with residue field E, so that for such E-
algebra A, D(A) is the set of strict equivalence classes of continuous representations
ρA : GalQ → GL(VA) deforming ρ such that
(1) for all primes ℓ not dividing p, ρA and ρ are the same after restricting to
the inertia subgroup at ℓ,
(2) VA|GalQp has a constant Hodge–Tate–Sen weight 0, and
(3) there exists a lift a˜p ∈ A of ap such that D+cris(VA|GalQp )
ϕ=a˜p 6= 0.
Let D0 be the sub-functor of D of deformations with the additional condition
(4) ρA has constant Hodge–Tate–Sen weights.
By [3, Prop. 2.4] and the paragraphs before the proposition, the functors D and
D0 are pro-representable, and in fact dimD0(E[ε]/ε2) = dimD(E[ε]/ε2). More-
over, the tangent space of the eigencurve at the point f injects into D(E[ε]/ε2), so
we conclude that
dimD0(E[ε]/ε2) = dimD(E[ε]/ε2) ≥ 1.
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We will show in Corollary 2.3 that in fact
dimE D
0(E[ε]/ε2) = dimE D(E[ε]/ε
2) = 1.
Let ρ˜ : GalQ → GL(V˜ ) be in D0(E[ε]/ε2). Recall that we have
D(E[ε]/ε2) →֒ H1(GalQ, V ⊗ V ∗), ρ˜ = (id + ρ′ε)ρ 7→ ρ′.
We first reduce the Galois cohomology calculation from over Q to over K.
Lemma 2.1.
H1(Q, V ⊗ V ∗) ∼= H1(K,V ⊗ V ∗)Gal(K/Q) ∼= H1(K,E)⊕H1(K,ψ(ψc)−1).
Proof. We have the inflation-restriction sequence,
H1(Gal(K/Q), V⊗V ∗)→ H1(Q, V⊗V ∗)→ H1(K,V⊗V ∗)Gal(K/Q) → H2(Gal(K/Q), V⊗V ∗).
Since Gal(K/Q) has order 2, H1(Gal(K/Q), V ⊗ V ∗) and H2(Gal(K/Q), V ⊗ V ∗)
are 2-torsion. But they are also E-vector spaces, which are torsion-free. Hence the
first and last term vanish, and we get the first isomorphism in the lemma.
For the second isomorphism in the lemma, note that the Gal(K/Q)-action on
H1(K,V ⊗ V ∗) is given by
(cρ′)(g) = ρ(c) · ρ′(cgc−1) · ρ(c)−1.
Because ρ|GalK ∼= ψ ⊕ ψc, we have the isomorphism
H1(K,V ⊗ V ∗) ∼= H
1(K,E)⊕H1(K,ψ(ψc)−1)⊕H1(K,ψcψ−1)⊕H1(K,E),
under which ρ′|GalK is mapped to (e11, e12, e21, e22). Then the invariance of ρ′|GalK
under Gal(K/Q)-action is translated into
e22(g) = e11(cgc
−1)(1)
e21(g) = η(c)η
′(c)−1 · e12(cgc−1),(2)
for all g ∈ GalK . Hence the projection onto the first two components
H1(GalK , V ⊗ V ∗)→ H1(GalK , E)⊕H1(GalK , ψ(ψc)−1)
induces an isomorphism
H1(GalK , V ⊗ V ∗)Gal(K/Q) ∼−→ H1(GalK , E)⊕H1(GalK , ψ(ψc)−1).

Proposition 2.2. There is an isomorphism
D(E[ε]/ε2) ∼= H1p(GalK , ψ(ψc)−1) ∼= H1(GalKp , ψ(ψc)−1).
Here H1p(GalK , ·) denotes the subspace of H1(GalK , ·) of cohomology classes un-
ramified/crystalline outside p.
Hence dimE D(E[ε]/ε
2) = dimE H
1(GalKp , ψ(ψ
c)−1) = 1.
Proof. First of all, from the minimal ramification condition in D, we know that all
eij are unramified outside p.
From the proof of [3, Prop. 2.4], we know that e22 is crystalline at p. Hence
Eq. (1) relating e11 and e22 implies that e11 is crystalline at p
′.
On the other hand, by definition of D, e11 ∈ H1(K,E) regarded as a first
deformation of the trivial character has constant p-Hodge–Tate–Sen weight 0. Sen’s
theorem ([13, Cor. of Thm. 11]) implies that e11 is potentially unramified at p. But
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the potentially unramified subspace of H1(GalQp , E) coincides with the crystalline
subspace, so e11 is crystalline at p.
In addition, e12 ∈ H1(GalK , ψ(ψc)−1) has to be crystalline at p′. This is because
restricting to GalKp , the Hodge–Tate weight of ψ is 0 and the Hodge–Tate weight
of ψc is k− 1, so restricting to GalKp′ = cGalKp c−1, the Hodge–Tate weight k− 1
of ψ is greater than the Hodge–Tate weight 0 of ψc.
Hence we have the following diagram.
H1(GalQ, V ⊗ V ∗) H1(GalK , E)⊕H1(GalK , ψ(ψc)−1)
D(E[ε]/ε2) H1f (GalK , E)⊕H1p(GalK , ψ(ψc)−1).
∼
Here H1f (GalK , ·) (resp. H1p(GalK , ·)) denotes the subspace of H1(GalK , ·) of co-
homology classes unramified/crystalline everywhere (resp. unramified/crystalline
outside p).
It is known that H1f (GalK , E) = 0 because of the finiteness of the class group of
K. By the Iwasawa Main Conjecture for imaginary quadratic fields ([12, Thm. 4.1],
[8, Prop. III.1.3, III.1.4]), we also know that H1f (GalK , ψ(ψ
c)−1) = 0. In fact, since
ψ(ψc)−1 is of infinite type σk−1σ¯−(k−1) which is critical, the Main Conjecture and
the interpolation property of p-adic L-functions ([8, Thm. II.4.14, Cor. II.6.7]) says
that H1f (GalK , ψ(ψ
c)−1) = 0 if and only if L(ψ−1ψc, 0) 6= 0 and ψ(p)(ψc)−1(p) 6= p,
which is true.
The vanishing of H1f (GalK , E) = 0 then implies
H1p(GalK , ψ(ψ
c)−1)
locp→ H1(GalKp , ψ(ψc)−1)
is injective.
We conclude that the bottom map of the diagram becomes
D(E[ε]/ε2) →֒ H1(Kp, ψ(ψc)−1).
Since the eigencurve is equidimensional of dimension 1, dimE D(E[ε]/ε
2) ≥ 1.
On the other hand, dimE H
1(GalKp , ψ(ψ
c)−1) = 1 by the local Euler characteristic
formula since ψ(ψc)−1 6= E or E(1), Hence D(E[ε]/ε2) →֒ H1(Kp, ψ(ψc)−1) must
be an isomorphism. 
Corollary 2.3. dimE D
0(E[ε]/ε2) = dimE D(E[ε]/ε
2) = 1.
2.2. Fourier coefficients. As in the introduction, let f ′ =
∑∞
n=1 a
′
nq
n be the
normalized generalized Hecke eigenform associated to f . Let f˜ = f + f ′ε and
ρ˜ : GalQ → GL(V˜ ) the Galois representation associated to f˜ . Here V˜ is a free
E[ε]/ε2-module of rank 2. Then ρ˜ is in D0(E[ε]/ε2).
Proposition 2.4. a′p = 0.
Proof. The Up-eigenvalue of f˜ is its p-th Fourier coefficient ap + a
′
pε. In terms of
Galois representation, the Up-eigenvalue ap + a
′
pε is such that
D+cris( V˜
∣∣∣
GalKp
)ϕ=ap+a
′
pε 6= 0.
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Note that
D+cris( V˜
∣∣∣
GalKp
)ϕ=ap+a
′
pε = D+cris(e22ψ
c|GalKp )
ϕ=ap+a
′
pε.
But we have seen that e22 ∈ H1f (GalK , E) = 0 in the proof of Proposition 2.2. As
a result, e22ψ
c|GalKp = ψ
c|GalKp ⊗E E[ε]/ε
2, and hence a′p must be equal to 0. 
We have seen that there exists a basis {v1, v2 = ρ(c)v1} of V such that
ρ|GalK ∼
(
ψ
ψc
)
, ρ|GalQ \GalK ∼
(
η′
η
)
,
where η and η′ are functions on GalQ \GalK given by η(·) = ψ(c·) and η′(·) =
ψ(·c−1).
Proposition 2.5.
(1) For g ∈ GalK , Tr ρ˜(g) = ψ(g) + ψc(g).
(2) For g ∈ GalQ \GalK , Tr ρ˜(g) = η(g)e12(g2)ε = η′(g)e21(g2)ε.
Proof. For (1), picking lifts v˜1, v˜2 ∈ V˜ of v1, v2, we may write
ρ˜ ∼ (id +
(
e11 e12
e21 e22
)
ε)
(
ψ
ψc
)
.
We have seen that e11, e22 ∈ H1f (GalK , E) = 0 in the proof of Proposition 2.2.
Hence for any g ∈ GalK , Tr ρ˜(g) = ψ(g) + ψc(g).
For (2), since ρ′ ∈ H1(GalQ, V ⊗ V ∗), we have
ρ′(g2) = ρ′(g) + ρ(g)ρ′(g)ρ(g)−1.
Written in terms of matrices in the basis v˜1, v˜2, this says(
e11(g
2) e12(g
2)
e21(g
2) e22(g
2)
)
=
(
e11(g) e12(g)
e21(g) e22(g)
)
+
(
e22(g)
η′(g)
η(g) e21(g)
η(g)
η′(g)e12(g) e11(g)
)
.
Hence
e11(g
2) = e11(g) + e22(g)
e12(g
2) = e12(g) +
η′(g)
η(g)
e21(g).
In particular, Tr ρ˜(g) = η(g)e12(g)ε + η
′(g)e21(g)ε is equal to η(g)e12(g
2)ε =
η′(g)e21(g
2)ε. 
Corollary 2.6.
a′ℓ =
{
0 if ℓ ∤ Np splits in K
ψ(cFrobℓ)e(Frob
2
ℓ) if ℓ ∤ Np is inert in K.
Here e ∈ H1p(GalK , ψ(ψc)−1) is the unique cohomology class mapping Frob2ℓ0 ∈
GalK to ψ(cFrobℓ0)
−1, where ℓ0 is the smallest rational prime which is inert in K.
Proof. Note that whenever ℓ is a rational prime inert in K, e12(Frob
2
ℓ) is well-
defined, independent of the choice of a cocycle representative of e12 ∈ H1(GalK , ψ(ψc)−1).
This is because
ψc(Frob2ℓ ) = ψ(cFrob
2
ℓ c
−1) = ψ(Frob2cℓc−1) = ψ(Frob
2
ℓ),
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Since Tr(ρ˜(Frobℓ)) = aℓ + a
′
ℓε, the formula then follows from Proposition 2.5.
The choice of e is because our normalization of f ′ requires a′ℓ0 = 1. 
3. Numerical examples
The following examples are generated by a code in the courtesy of Alan Lauder,
written based on [10]. We acknowledge his help and the use of Magma programming
language.
Example 3.1. Let K be the imaginary quadratic field Q(
√−1). Let ψ be the
Grossencharacter of K with trivial conductor and of infinity type (4, 0). Then
Gψ, the CM modular form associated to ψ, is of weight k = 5, level N = 4, and
nebentypus χ : (Z/4)× → C× the non-trivial Dirichlet character of modulus 4. The
first few Fourier coefficients of Gψ are
Gψ = q − 4q2 + 16q4 − 14q5 − 64q8 + 81q9 + · · · .
We pick p = 5, a prime which splits in K and does not divide N . Let α, β be the
root of X2 − apX + χ(p)pk−1 = X2 + 14X + 54 with p-adic valuation k − 1 = 4
and 0, respectively. Let f ′ be the (non-normalized) generalized Hecke eigenform
with the same Hecke eigenvalues as f(z) := Gψ(z)− βGψ(pz), scaled such that the
leading coefficient a′2 is 1. We computed numerically the first few non-zero Fourier
coefficients a′ℓ of f
′ modulo 524 for ℓ ∤ N a prime.
ℓ a′ℓ mod 5
24
3 43300771101273669
7 43442244692236520
11 30279465837717252
19 11784730043200626
23 56240881617036337
31 18613606380354261
43 39991538540718615
47 53268861392126849
59 35400357120186448
67 31496794802809616
71 10538304364997549
79 19184781428210594
83 24773813366422376
Example 3.2. Let K be the imaginary quadratic field Q(
√−3). Let ψ be the
Grossencharacter of K with trivial conductor and of infinity type (6, 0). Then
Gψ, the CM modular form associated to ψ, is of weight k = 7, level N = 3, and
nebentypus χ : (Z/3)× → C× the non-trivial Dirichlet character of modulus 3. The
first few Fourier coefficients of Gψ are
Gψ = q − 27q3 + 64q4 − 286q7 + 729q9 + · · · .
We pick p = 7, a prime which splits in K and does not divide N . Let α, β be the
root of X2 − apX + χ(p)pk−1 = X2 + 286X + 76 with p-adic valuation k − 1 = 6
and 0, respectively. Let f ′ be the (non-normalized) generalized Hecke eigenform
with the same Hecke eigenvalues as f(z) := Gψ(z)− βGψ(pz), scaled such that the
leading coefficient a′2 is 1. We compute numerically the first few non-zero Fourier
coefficients a′ℓ of f
′ modulo 522 for ℓ ∤ N a prime.
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ℓ a′ℓ mod 7
22
5 666108372229480561
11 88592821880322831
17 2092810930868948813
23 1330989883549587564
29 948498584988948579
41 254724600121344265
47 524234543371386261
53 1745806937126778885
59 3656628657475311802
71 903737885018479401
83 2252941180864123161
89 2944581429297441793
4. Dimension of generalized Hecke eigenspace
Let f =
∑
n≥1 anq
n be as in the introduction, the critical p-stabilization of a
CM modular form associated to a Grossencharacter ψ. As before, f is of weight
k, level Γ1(N) ∩ Γ0(p), and nebentypus χ. Let ρf : GalQ → GL(Vf ) be the p-adic
Galois representation associated to f , where Vf is a 2-dimensional E-vector space
for some finite extension E of Qp.
Recall that by [6, Prop. 7.1], f = θk−1(g) for some g ∈ M †2−k(Γ1(N)). Then
ρg : GalQ → GL(Vg), the p-adic Galois representation associated to g, satisfies
ρg ∼= ρf ⊗ χ−k+1cyc , where χcyc is the p-adic cyclotomic character.
Let ef (resp. eg) be the dimension of the generalized Hecke eigenspace inM
†
k(Γ1(N))
(resp. M †2−k(Γ1(N))) with Hecke eigenvalues the same as that of f (resp. g). The
following lemma is a corollary of Coleman’s classicality theorem ([6, Thm. 7.2]).
Geometrically, ef (resp. eg) is the ramification degree at the point f (resp. g) of
the weight map from the eigencurve to the weight space.
Lemma 4.1. ef = eg + 1.
We define a deformation functor Dord on the category of Artinian local E-
algebras with residue field E. For any such E-algebra A, let Dord(A) be the set of
strict equivalence classes of representations ρA : GQ → GL(VA) deforming ρg such
that
(1) for all primes ℓ not dividing p, ρA and ρ are the same after restricting to
the inertia subgroup at ℓ,
(2) VA|GQp has a rank 1 unramified quotient.
Let Dord,0 be the sub-functor of Dord of deformations with the additional condition
(3) ρA has constant Hodge–Tate–Sen weights.
It is well-known that Dord and Dord,0 are pro-representable ([11, §30 Prop. 3]).
We follow a similar strategy as in Section 2.1 to compute the Zariski tangent
space of Dord,0. Let ρ˜g : GQ → GL(V˜g) be in Dord,0(E[ε]/ε2) and write ρ˜g =
(I2 + ρ
′
gε)ρg. Then ρ
′
g is an element of H
1(GalQ, Vg ⊗ V ∗g ) ∼= H1(GalQ, Vf ⊗ V ∗f ),
and corresponds to (e11, e12, e21, e22) in(
H1(K,E)⊕H1(K,ψ(ψc)−1)⊕H1(K,ψcψ−1)⊕H1(K,E))Gal(K/Q)
as in the proof of Lemma 2.1.
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Lemma 4.2.
(1) e11 is unramified outside p and crystalline at both p and p
′.
(2) e12 is unramified outside p and e12|GK
p′
= 0.
Proof. First of all, from the minimal ramification condition in Dord,0, we know that
all eij are unramified outside p. Since ψ
cχ−k+1cyc has p-Hodge–Tate weight 0, the
ordinary condition in Dord,0 implies that e22 is unramified (and hence crystalline)
at p and that e21|GalKp is 0. Since (e11, e12, e21, e22) is Gal(K/Q)-fixed, e22 being
crystalline at p is equivalent to e11 being crystalline at cpc
−1 = p′, and e21|GalKp = 0
is equivalent to e12|GalK
p′
= 0. On the other hand, from the condition of fixed
Hodge–Tate–Sen weights in Dord,0 we know that e11 is crystalline at p, by the same
argument as the third paragraph of Proposition 2.2. Also e12 ∈ H1(K,ψ(ψc)−1)
has to be crystalline at p′ because the p′-Hodge–Tate weight k − 1 of ψ is greater
than the p′-Hodge–Tate weight 0 of ψc.

Proposition 4.3. Let ρ¯f be the reduction of ρf modulo p. Assume that ρ¯f is
absolutely irreducible after restricted to GalQ(µp). Then the following are equivalent:
(1) ef = 2;
(2) eg = 1;
(3) The restriction to decomposition group at p
H1p(K,ψ(ψ
c)−1)→ H1(Kp′ , ψ(ψc)−1)
is an isomorphism (equivalently, non-zero).
Proof. The equivalence of (1) and (2) follows from Lemma 4.1.
The tangent space of the eigencurve at the point g is isomorphic to Dord(E[ε]/ε2)
by the big R = T theorem ([9, Thm. 5.29]). Hence eg = 1 is equivalent to
dimE D
ord,0(E[ε]/ε2) = 0.
By Lemma 2.1 and Lemma 4.2, we have
Dord,0(E[ε]/ε2) →֒ H1f (K,E)⊕ ker
[
H1p(K,ψ(ψ
c)−1)→ H1(Kp′ , ψ(ψc)−1)
]
.
It is known that H1f (K,E) is zero because of the finiteness of the class group of K.
From the Iwasawa Main Conjecture for imaginary quadratic fields ([12, Thm. 4.1],
[8, Prop. III.1.3, III.1.4]), we have H1f (K,ψ(ψ
c)−1) = 0, and hence
H1p(K,ψ(ψ
c)−1)→ H1(Kp, ψ(ψc)−1)
is injective, the latter being 1-dimensional. In fact, we have seen in Prop. 2.2 that
this is an isomorphism, i.e., dimE H
1
p(K,ψ(ψ
c)−1) = 1.
Hence dimE D
ord,0(E[ε]/ε) = 0 if and only if
ker
[
H1p(K,ψ(ψ
c)−1)→ H1(Kp′ , ψ(ψc)−1)
]
= 0,
and if and only if H1p(K,ψ(ψ
c)−1) → H1(Kp′ , ψ(ψc)−1) is an isomorphism. Since
both the source and target are 1-dimensional, this is equivalent to saying that the
map H1p(K,ψ(ψ
c)−1)→ H1(Kp′ , ψ(ψc)−1) is non-zero. 
Remark 4.4. In [2, Prop. 1], Bellaïche used the method of reducibility ideal to
conclude the same result.
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